Abstract. Let G be a compact connected Lie group. We say that a complex virtual character of G is a P-character if its restrictions to p-toral subgroups are characters of representations. Every map f : BG → BU (d) to the classifying space of the unitary group induces a P-character χ(f ) ∈ R(G); such characters will be called homotopy characters. In this paper we prove that a P-character µ of U (n) is a homotopy character if µ+ ι is a homotopy character, where ι is a character of the identity U (n) → U (n). It allows to construct many examples of maps between classifying spaces of unitary groups. We also develop the obstruction theory for lifting maps from homotopy colimits along fibrations, what generalizes result of Wojtkowiak [16] .
Introduction
If G and H are finite groups, then homotopy classes of maps BG → BH correspond to representations of G in H, i.e. the map
Hom(G, H)/ Inn(H) =: Rep(G, H) ∋ ϕ → [Bϕ] ∈ [BG, BH]
is a bijection. The remarkable theorem of Dwyer, Zabrodsky [6] and Notbohm [11] states that this remains true in case when G is a p-toral group (i.e. an extension of a finite p-group by a torus) and H a compact Lie group. If G and H are arbitrary compact Lie groups this statement fails; the first counterexamples were unstable Adams operations constructed by Sullivan [14] .
In this paper we study maps f : BG → BU (d), where G is a compact connected Lie group and U (d) is the unitary group of degree d; such maps will be called homotopy representations. According to Dwyer-Zabrodsky-Notbohm theorem, the restriction of f to a maximal torus T ⊆ G f | BT : BT B(T ⊆G)
is an induced map of a linear representation µ f : T → U (d). Obviously, µ f is invariant under the action of the Weyl group W of G. Hence, by connectedness of G, it represents an element in the representation ring χ(f ) ∈ R(T ) W = R(G) which will be called the character of the homotopy representation f . A natural question arises: which virtual character α ∈ R(G) is a homotopy character, i. e. the character of a homotopy representation? The Dwyer-Zabrodsky-Notbohm theorem provides the following constraint: for every prime p and every p-toral subgroup P ⊆ G the restriction of α to P is the character of a linear representation. Such characters of the group G will be called P-characters of G. Thus, the problem of classifying homotopy representations of G reduces to answering three questions:
• Which virtual characters are P-characters?
• Which P-characters are homotopy characters?
• What is the set of homotopy representations corresponding to a given homotopy character? The first question is purely algebraic; given a character µ ∈ R(G) it is relatively easy to check if it is a P-character, though a satisfactory classification of P-characters seems difficult to obtain. With regard to the last question, many examples of non-isomorphic homotopy representations having equal characters have been constructed, see for example [9, 3.4] or [17, 3.24] . In this paper we will concentrate on the second question.
There are no known examples of P-characters which are not homotopy characters, and it seems unlikely that any such example could be constructed by currently known methods. On the other hand, Jackowski, McClure and Oliver [9] developed techniques of constructing maps between classifying spaces of Lie groups (our P-characters correspond to "admissible maps which extend to R p -invariant representations for all primes p" in their terminology). We use a modification of their approach. Definition 1.1. A homotopy character µ of G has the splitting property if every P-character ν of G such that µ + ν is a homotopy character is also a homotopy character.
The main result of this paper is the following Theorem 1.2. For every natural number n the character ι of the identity representation BU (n) → BU (n) has the splitting property.
The splitting property of the trivial character (i.e. the character of the trivial representation G → U (1)) was proved by Jackowski and Oliver for an arbitrary Lie group G [10, 1.13] . If all characters of irreducible linear representations of G had the splitting property, then all P-characters would be homotopy characters, although this statement seems very difficult to prove.
An application: examples of homotopy representations. The splitting property of the trivial and the identity representation allows to construct examples of maps BU (n) → BU (d) which are not compositions of maps induced by homomorphisms and Adams operations. Let θ (respectively ι, τ , λ, σ) be the character of the one-dimensional trivial representation (resp. the identity, the Hermitian adjoint, the second exterior power and the second symmetric power). The characters α := ι ⊗ τ − θ, β := λ ⊗ τ − ι and γ := σ ⊗ τ − ι are characters of irreducible linear representations of U (n). One can check that α − c n · θ, β − c n−1 · ι and γ − (c n−1 + 1) · ι are P-characters, where c n := (min p prime c p n (n)) − 1, and c p n is the sum of digits in the positional presentation of n with radix p. Since ι and θ have the splitting property, these P-characters are homotopy characters.
Lifting maps from homotopy colimits. Let C be a small category, F : C → Sp a diagram of spaces and X a space. Consider a collection of maps {f c : F (c) → X} which is homotopy compatible, i.e. such that for every morphism c α → c ′ maps F (α) • f c ′ and f c are homotopic. According to results of Wojtkowiak [16] , existence of an extension of f c : F (c) → X to a map f : hocolim C F → X depends on vanishing obstructions lying in groups
In this paper we consider an analogue of this problem. Let p : Y → Z be a fibration. Fix a map f : hocolim C F → Z and its partial lifting g c : F (c) → Y (cf. 3.1) such that the collection {g c } is homotopy compatible. We prove (3.3) that, under certain assumptions, this lifting can be extended to hocolim C F if groups
vanish for i > 0, where Fib(c) is a fiber of the fibration
Organization of the paper. In Section 2 we introduce p-homotopy characters (2.7) of a compact connected Lie group G, namely characters of maps from BG into
in the sense of [5] . Then we use Sullivan arithmetic square to prove that a P-character is a homotopy character if and only if it is a p-homotopy character for all primes p (2.8).
In Section 3 we generalize results of Wojtkowiak [16] and develop obstruction theory for lifting extensions of maps from homotopy colimits.
Let µ, ν be a pair of P-characters on G having dimensions d and d ′ respectively, and let f :
∧ p be a p-homotopy representation having character µ ⊕ ν. In Section 4 we use the homotopy decomposition of Jackowski, McClure and Oliver ([8] , 4.1) to show that µ is a homotopy character if the lifting extension problem (4.6) can be solved. We also provide a description of the obstruction functors Fib µ,ν p associated with (4.6) in terms of linear representations of p-stubborn subgroups of G (4.7).
In Section 5 we restrict to the case when G is a unitary group and ν = ι is the character of the identity representation. We prove that the functors π i (Fib µ,ι p ) enjoy certain property (we say that they are permutation generated).
The remaining part of the paper is devoted to proving that the cohomology groups of permutation generated functors vanish in dimensions greater than 1 (9.1). The last result is derived from the calculation of groups Λ * (Σ n ; R n ) (cf. [8, 5 .3], 6.1) which we perform in Sections 6-8.
Notation and terminology. If X is a space and p is a prime, then X ∧ p denotes the p-completion of X in the sense of [5] . For a small category C and a commutative ring R an R[C]-module is a contravariant functor from C into the category of Rmodules. If M is an R[C]-module, then H n (C; M ) denotes the n-th right derived functor of the inverse limit and will be referred to as the n-th coholomology group of C with coefficients M ; this notion coincides with group cohomology if C is a single-object category with invertible morphisms. By C n and Σ n we denote the cyclic group of order n and the symmetric group on n symbols respectively.
The authors would like to thank Stefan Jackowski for many valuable suggestions and comments.
Homotopy characters
Fix a compact connected Lie group G. Let T ⊆ G be its maximal torus, W ⊆ Aut(T ) its Weyl group, R(G) its unitary representation ring, and R + (G) ⊆ R(G) the semiring of isomorphism classes of unitary representations of G.
Dwyer-Zabrodsky-Notbohm theorem. The most important tool we use in this section is the following theorem due to Dwyer, Zabrodsky and Notbohm:
Theorem 2.1 ( [11] ). If P is a p-toral group and H is a compact Lie group, then the map ad :
which is adjoint to the classifying map of the multiplication homomorphism
is a mod p-equivalence, i.e. it induces an isomorphism in homology with Z/p as coefficients. In particular, the map ad induces a bijection Rep(P, H)
P-characters and homotopy characters. Definition 2.2. A homotopy representation of G is a map f : BG → BU (d). We say that two homotopy representations are isomorphic if they are homotopic as maps. Definition 2.3. A virtual character χ ∈ R(G) is a P-character if for every prime p and every p-toral subgroup P ⊆ G its restriction to P is a character of a linear representation, i.e. χ| P ∈ R + (P ). The set of P-characters of G will be denoted by R P (G). Whenever it would not lead to confusion, we will denote by χ P the unitary representation of P having character χ| P .
Proposition 2.4. For every homotopy representation
commutes for every p-toral subgroup P ⊆ G for all primes p.
Proof. By 2.1, the restriction of f to BT is homotopy equivalent to B̺ for some linear representation ̺ :
The restriction of χ(f ) to a p-toral subgroup of G is a character of a linear representation (again by 2.1), hence χ(f ) is a P-character. Definition 2.5. For a homotopy representation f : BG → BU (d) the character χ(f ) will be called the character of f . A P-character which is the character of a homotopy representation will be called a homotopy character ; the semiring of homotopy characters of G will be denoted by R h (G).
Note that there is a sequence of inclusions
We say that a P-character µ ∈ R P (G) is a p-homotopy character if there exists a p-homotopy representation f p : 
Obstruction theory
In this section we develop the obstruction theory for lifting maps from homotopy colimits. This is an extension of results obtained by Wojtkowiak [16] . Let C be a small category, F : C → Sp a diagram of spaces and p : Y → Z a fibration. Fix a map f : hocolim C F → Z and a family of maps g c : F (c) → Y , c ∈ Ob(C) which represents a cocone in the homotopy category, i.e. an element
Assume that the diagram of solid arrows
where
Obviously p c is a fibration with fiber Fib(c). We will make two more assumptions: for every c ∈ Ob(C)
• the connected component of the mapping space map(F (c), Z) fc is simply connected, • the space Fib(c) is simple.
The first assumption guarantees that the homotopy class of Fib(α) does not depend on the choice of a homotopy equivalence between fibers of p c . Thus, Fib is a contravariant functor from C to the homotopy category HSp. By the second assumption, for every c ∈ Ob(C) homotopy groups of Fib(c) for different choices of basepoints are naturally isomorphic. Therefore the composition π n • Fib is a contravariant functor from C into the category of abelian groups Ab. The main result of this Section is the following This results reduces to the result of [16] in case where Z is a single-point space.
Elementary lifting extension problem. To establish notation, we recall some elementary results of the classical obstruction theory. Fix a fibration q : E → B such that its fiber F is simple, and assume that B is simply connected. Consider the following lifting extension problem:
be the space of lifting extensions. The map s factors through the total space r * E of the pull-back fibration over B. Let
be the homotopy class corresponding to this factorization; we will call it the obstruction class. This definition depends neither on the choice of basepoints of the homotopy groups (due to simplicity of F ), nor on the choice of homotopy equivalence r * E ≃ F (since B is simply connected). For t, t ′ ∈ L(s, r) define the difference class
where o n (s, t ∪ t ′ ) is the obstruction class of the lifting extension problem
be the inclusion onto the i-th face of the simplex, and let ∆ k (l) be the l-th skeleton of ∆ k . Let us state some elementary properties of concepts defined above:
(
. Then
n → E is a lifting of r| ∂∆ n along q, then for every t ∈ L(s, r) and 
Cochain complex. We return to considering the lifting extension problem 3.1.
Here we define a cochain complex which can be used to calculating cohomology groups H j (C; π i (Fib)). Also obstruction classes and difference classes which are analogues of 3.6 and 3.7 will be defined as its cochains.
Let N (C) denote the nerve of C and let N (C) i be the set of i-simplices of N (C). For i, j > 0 define groups
denote respectively the cocyles, the coboundaries and the cohomology of the cochain complex (
Adjoint maps. Denote for short X = hocolim C F and X k = hocolim
for i = 0, and that maps a : X k → W are in 1-1 correspondence with families of maps {Ad a σ } σ∈N (C) satisfying these relations. Lifting extension spaces. For n ≥ 0 let E n 0 be the space of maps g :
; note that this is the set of solutions of the lifting extension problem 3.1. For g ∈ E n 0 and k ≤ n ≤ m let E m k (g) be the space of maps h : X m → Y such that the diagram (3.16)
Obstruction cochains and difference cochains.
is the obstruction of the lifting problem
is a straightforward consequence of 3.9.(1). For similar reasons, (4) is a consequence of 3.9.(4). To prove (2), we check that for σ ∈ N (C) n+2 we have
. As a consequence of 3.14, for i > 0 we have
Finally,
This proves (3).
Lemma 3.21. Fix n > 0 and assume that Finally, we are ready to prove the main theorem of this section:
Proof of 3.3. We need to prove that the space E 
A criterion for splitting homotopy characters
We apply the results of the previous section and the homotopy decomposition of Jackowski, McClure and Oliver [8] to obtain a criterion for p-homotopicity of P-characters. Fix a prime p and a compact connected Lie group G.
The homotopy decomposition. Recall [8] that a p-toral subgroup P ⊆ G is p-stubborn if N G (P )/P is a discrete group and contains no non-trivial normal psubgroups. Let R p (G) be the category of G-orbits having the form G/P , where P is a p-stubborn subgroup of G and G-maps. According to [8, Theorem 1.4] , the map
given by projections G/P → * induces an equivalence on homology with F pcoefficients. Note that
where N G (P, Q) := {a ∈ G : a −1 P a ⊆ Q}. For every G/P ∈ R p (G) the map
is a homotopy equivalence, and for every a ∈ N G (P, Q) the diagram (4.3)
✲ commutes up to homotopy.
Functoriality of centralizers.
Let H be a Lie group. Fix a collection of homomorphisms {α P : P → H} G/P ∈Rp(G) which commute with morphisms of R p (G) up to conjugacy, i.e. for every a ∈ N G (P, Q) there exists b a ∈ H such that the diagram
ϕ ∈ C H (α P (P )) which depends (up to conjugacy) neither on the choice of representative a, nor on the choice of an element b ϕ . Thus, we have a contravariant functor
where Rep is the category of compact Lie groups and their representations.
Proposition 4.5. Under assumptions above, the maps 2.1
to the homotopy category HSp. Proof. Fix G/P, G/Q ∈ R p (G) and a ∈ N G (P, H). We have to prove that the diagram
commutes up to homotopy. After passing to adjoint maps, this reduces to checking that maps Bϕ, Bψ : BC H (α Q (Q)) × P → BH are homotopic, where
and b a ∈ H is an element such that b
Since ϕ and ψ are conjugate, they induce homotopic maps. Then ad αP is a natural transformation of functors R p (G) → HSp, and it is a natural equivalence by 2.1.
Lifting extension
It is clear that the diagram of solid arrows commutes up to homotopy. Furthermore, the right vertical map can be replaced with a homotopy equivalent fibration with fiber homotopy equivalent to
. Then the top horizontal map can be adjusted so that the diagram commutes strictly. Let Calculation of Fib p µ,ν . Let IrrRep(P ) be the set of isomorphism classes of irreducible unitary representations of P . For a p-stubborn subgroup P ⊆ G and ̺ ∈ IrrRep(P ) define a space
where ̺, α denotes the multiplicity of ̺ in the representation α. Proposition 4.7. For every G/P ∈ R p (G) there exists a homotopy equivalence e P :
such that for every automorphism a :
✲ eP commutes up to homotopy. The left-hand vertical arrow is given by the formula
having suitable characters. Consider the following diagram:
where the horizontal maps come from Dwyer-Zabrodsky-Notbohm theorem, and the vertical maps are induced by the inclusion
. Obviously it commutes up to homotopy. All maps in the diagram are functorial as functors R p (G) → HSp, for vertical maps it is a consequence of 4.5. Since the lower spaces are simply connected, we can pass to homotopy fibers and obtain a functorial homotopy equivalence
By Schur's lemma we have
Commutativity of the diagram (*) is clear.
Splitting criterion. Theorem 4.8. Assume that H i+1 (R p (G); π i (Fib p µ,ν )) = 0 for all i > 0 and that µ ⊕ ν is p-genuine. Then µ is also p-genuine.
Proof. Let P be a p-stubborn subgroup of G. By 2.1, the space
is a p-completed classifying space of a centralizer of a subgroup of the unitary group. By 4.7, the space Fib p µ,ν (G/P ) is a p-completed product of unitary grassmannians. Since both spaces are simply connected, the assumptions of Theorem 3.3 are satisfied for the extension lifting problem 4.6. This implies that the map f from the diagram 4.6 lifts to a map g. Now, the composition
is a p-homotopy representation having character µ.
Description of the functors Fib
p µ,ι for unitary groups In this Section we assume that G = U (n). Our main goal is to obtain a description of the functors Fib p µ,ι , where µ is an arbitrary P-character of U (n) and ι is the character the identity representation U (n) → U (n).
p-stubborn subgroups of unitary groups. We recall the classification of pstubborn subgroups of unitary groups obtained by Oliver [12] . Define p×p-matrices 
We say that a subgroup of a unitary group is elementary p-stubborn if it has the form
If P = Γ(k; a 1 , . . . , a r ) is an elementary p-stubborn subgroup, then [12, Th. 6 ]
Proposition 5.4 ([12, Th. 8])
. Every p-stubborn subgroup in U (n) is conjugate to
where {P i ⊆ U (p ni )} is a family of pairwise non-isomorphic elementary p-stubborn subgroups. Furthermore,
Representations of p-stubborn subgroups of unitary groups. For every subgroup P of U (n) let θ P and ι P and denote the trivial representation of P and the inclusion P ⊆ U (n) respectively. If α is a representation of a group Γ and β is a representation of a group Γ ′ we denote the outer tensor product by 
The quotient Γ(k; a 1 . . . a j )/Γ(k) ai acts transitively on the summands at the right-hand side. Hence the representation induced from any single summand is irreducible and by Frobenius reciprocity it is isomorphic to ι Γ(k;a1,...,aj ) .
Permutation generated functors. Definition 5.7. Let D be a category and let X be an object of D equipped with an action of a finite group Γ. We say that Γ acts on X by permutations if for some integer j there exist, for every i = 1, . . . , j
• objects X i ∈ Ob(C),
is commutative. Let C be a small EI-category. We say that a functor F : C → D is permutation generated iff for every object c ∈ Ob(C) the group of C-automorphisms of c acts by permutations of F (c). 
since X(P, ̺) is contractible for ̺ ∈ IrrRep(P, ι P ). Let P be a p-stubborn subgroup of U (n). By 5.4 we can assume that P = 
ci k=1 α i,k . As a consequence of 5.6, all representations α i,k are irreducible; therefore IrrRep(P, ι P ) = {α i,k } k=1,...,ci i=1,...,j . For every g ∈ W U(n) (P ) we have g * α i,k = α i,pi(g)(k) , where
is given by the projection on the i-th summand of 5.5. Obviously the homotopy type of X(P, α i,k ) does not depend on k. Now the homotopy equivalence
together with projections p i satisfies Definition 5.7. Therefore, Fib p µ,ι is permutation generated. Since a composition of a permutation generated functor with a productpreserving functor π i is permutation generated, the conclusion follows.
Cohomology of O p (G)-modules
The main goal of the remaining part of this paper is to prove that cohomology groups of permutation generated functors from R p (U (n)) to the category of finitely generated Z ∧ p -modules vanish above dimension 1. To achieve this, we use methods developed by Jackowski, McClure and Oliver in [8] . In this section we recall their results and obtain some new ones (Proposition 6.12).
Functors Λ * . Let p be a prime. For a finite group Γ let O p (Γ) be the category of Γ-orbits whose isotropy groups are p-groups and Γ-maps. Following [8] , for a Z ∧ p [Γ]-module M and i ≥ 0 we define groups (6.1)
These groups play a crucial role in calculating cohomology of
Recall some properties of functors Λ * and cohomology of functors on orbits categories proved in [8] .
Proposition 6.3. Let Γ be a finite group and let M be a Z
(4) Assume that p||Γ|, and let ∼ be the equivalence relation among p-Sylow subgroups generated by non-trivial intersections. For a p-Sylow subgroup
Proof. These are straightforward consequences of [8, 6.1] and [8, 6.2] .
Proposition 6.4. Let G be a compact Lie group, D ⊆ O p (G) a finite full subcategory which contains R p (G), and
Proof. Point (3) follows immediately from (1) and [9, 1.10.
(ii)]. To prove (4) note that the formula
, then the long cohomology exact sequence associated to the exact sequence
This allows to reduce calculation of Λ i -modules of G to (i − 1)-th cohomology of certain Z ∧ p [O p (G)]-module. Indeed, the long homology exact sequence associated to an exact sequence
We will need a refinement of this trick.
Let P ⊆ G be a p-subgroup and denote Γ :
For every p-subgroup P ′ ⊆ G we have (6.10) Q
In particular, there is a natural Γ-isomorphism
is the right Kan extension of the inclusion of the full subcategory with the single object {G/P } into O p (G).
Proof. Let
be a homomorphism which is adjoint to the evaluation
Functoriality and uniqueness of the collection {ϕ P ′ } is straightforward.
Proof. This is a modification of the proof of [8, 5.4] . For a finite group K let O p (K) denote the category of finite K-sets whose isotropy groups are p-groups.
be the additive extension of F . According to [7, 4.4 ]
has a left adjoint (cf. [8, 5.4] ). Then the induced functor
7. Λ-functors of symmetric groups.
Fix a prime p and a positive integer n. Let R be a quotient of the ring of padic integers Z ∧ p and let X = {x 1 , . . . , x n } be a set with the natural action of the permutation group Σ n . By R[X] we will denote the free R-module with basis X; obviously it is also an Z ∧ p [Σ n ]-module. The main goal of this Section is to prove the following
The proof is inductive. The inductive basis is the following:
Proof. For n < p it follows from 6.3. (1), for p ≤ n < 2p from 6.3.(3). For n ≥ 2p the cases i = 0 and i = 1 follow by 6.3.(2) and 6.3. (4) respectively.
The induction step will be deduced from the following lemma:
Lemma 7.4. Assume that n ≥ 2p, and that Theorem 7.1 holds for all integers less than n. Then
Proof of 7.1. For n < 2p it is a consequence of 7.2. If n ≥ 2p and Theorem holds for integers less than n, by 7.
In the remaining part of this Section we prove Lemma 7.4 for i > 1; the case i = 1 is proved in Section 8 (8.2). First, we need to describe the categories O p (Σ n ) and R p (Σ n ). Note that a subgroup of a finite group in p-stubborn if and only if it is p-radical.
p-radical subgroups of symmetric groups. We recall, after [3] , the classification of p-radical subgroups of symmetric groups. Let S be the set of all finite sequences of positive integers. For all k = (k 1 , . . . , k r ) ∈ S define inductively subgroups A(k) ⊆ Σ p |k| , |k| := k 1 + · · · + k r , by A(∅) = 1 ⊆ Σ 1 , and [3] , every p-radical subgroup of Σ n is conjugate to a subgroup of the form
where n = m(k)p |k| . Furthermore,
Every subgroup A(k) ⊆ Σ p |k| acts transitively on the underlying set of p |k| letters. Hence R[X] P is a free R-module with generators x (P ),i k , where k ∈ S, i = 1, . . . , m(k), which correspond to factors of type A(k) in the product 7.6. As an N Σn (P )/P -module, it splits into the sum
where the action on X
is given by the surjective homomorphism (7.10) p
Notation. Here we introduce notation used in this and the next Section. Let n = ∞ i=0 c i p i be the presentation in the positional system with base p. Let q (respectively r) be the least (resp. the greatest) integer such that c q > 0 (resp. c r > 0). We say that an integer j is essential if c j = 0 and j < r. For every essential integer j let e(j) be the greatest integer such that c i = 0 for j < i < e(j) (i.e. the next essential integer or r when there is none). Next, let n j := i<j c i p i .
and for 0 ≤ j < r let
We will write X (P ) k for X
(1,...,1) and x (P ),i k for x (P ),i
(1,...,1) , where 1 is repeated k times. For P = S or P = P j , we write
We say that a p-subgroup P ⊆ Σ n is M -essential if Λ * M (P ) = 0. Otherwise, P will be called M -inessential. Proposition 7.15. Assume that n ≥ 2p and that Theorem 7.1 holds for all integers less than n. Then a p-subgroup P ⊆ Σ n is F -inessential, unless one of the following conditions is satisfied:
• P is conjugate to the p-Sylow subgroup S. In this case
• P is conjugate to P j for some essential j. In this case
Assume that P ⊆ Σ n is F -essential. By 6.3.(6) N Σn (P )/P cannot contain any normal p-subgroup, hence P is p-radical. Let P = k∈S A(k) m(k) be a presentation 7.6. Suppose that there exists k = (k 1 , . . . , k r ) ∈ S such that m(k) > 0 and k i > 1 for some 1 ≤ i ≤ r. Then there exists an element of order p in
(cf. 7.8, 7.7), and it acts trivially on R[X] P = F (Σ n /P ). Hence, by 6.3.(5) P is not F -essential. Now we can assume that P = j A mj j . We have
Consider three cases:
• m i < p for all i. Then P = S, and the conclusion follows by 6.3.(1).
• There exists j such that m j ≥ p, and m i < p for all i = j. Then the j-th factor of ( * ) contains an element of order p acting trivially on all summand of ( * * ) except the j-th one. It implies that Λ * (N Σn (P )/P ; R[X . If m j = p, or if m j ≥ 2p and * < 2, then this vanishes by 7.2; for m j ≥ 2p and * ≥ 2 this vanishes by the induction hypothesis. Finally, if p < m j < 2p, then P is conjugate to P j and j is an n-essential integer.
• There exist j = j ′ such that m j , m j ′ ≥ p. In this case for every summand of ( * * ) there exist an order p element of N Σn (P )/P acting trivially on it and then Λ * (N Σn (P )/P ; R[X] P ) = 0.
Immediately from 7.15 and 6.4.(3) we obtain the following Corollary 7.16. Assume that n ≥ 2p, and that Theorem 7.1 holds for all integers less than n. Then H i (O p (Σ n ); F ) = 0 for i > 1.
Calculation of H
In this Section we complete the proof of 7.4 by showing that H 1 (O p (Σ n ); F ) = 0. To achieve this, we define a certain R[O p (Σ n )]-module Q and a homomorphism Φ : F → Q. Then we investigate the exact sequence There is a unique homomorphism (6.11) Φ j : F → Q Proof. This is an immediate consequence of 6.12.
Cohomology of K. Proof. According to 6.4.(3) it is sufficient to prove that Λ i P (K) = 0 for every psubgroup P ⊆ Σ n and i > 0. If P does not contain any of the groups P j , then by the definition of Q we have Q(Σ n /P ) = 0, hence K(Σ n /P ) = F (Σ n /P ) and the conclusion follows from 7.15. Then, we can assume that P is a p-radical subgroup containing P j for some essential j. It is easy to check that P is either a p-Sylow subgroup, or it is conjugate to some P j , where j is not necessarily essential. If P ∼ S, then the conclusion follows by 6.3.(1). If P ∼ P j and j is essential, then
There exists an order p element of N Σn (P j )/P j acting trivially on this module (cf. the proof of 7.15), what implies Λ * Pj (K) = 0. Finally, assume that P ∼ P j and j is not essential. Now Λ 
